1.2.3]):
For every abelian, characteristic subgroup M of a p-solvable, finite group G whose only normal p -subgroup is 1, there exists a characteristic p-subgroup N of G with Mz%N=(EGNandN/iNçilyi(OpG/iN) (see §6.VII).
I am greatly indebted to Professor R. Baer for many remarks including an extension of his lemma to certain almost hyper-abelian groups which suggested the introduction of the property ß below.
Notation will be standard with (X, Y} denoting the subgroup generated by X and y 1 . Statement of main theorem. Throughout the paper a group G will be fixed and v will be a set of subgroups of the group G, called v-subgroups, such that :
(1) 1 is a v-subgroup.
(2) X, Yev implies (.X, Y>ev.
A subgroup theoretical property on v is a set of triples (X, Y, G) of v-subgroups Xç, Y of G. We say that the subgroup theoretical property a is derived from the group theoretical property e if v is the set of all normal subgroups of G and a as a subgroup theoretical property on v is characterized by (X, Y, G)e a if and only if Y/X is an e-group.
The following conditions will be placed on v, subgroup theoretical properties a and ß on v, and a v-subgroup A of G in the main theorem: (1) A,Cev,RnC^A^ C, (R, G,G)eß implies (A, C, G) e ß.
For a discussion of these conditions see § §3 and 4. Definition. Let R be a v-subgroup of G and a a subgroup theoretical property Definition. A centralizer function c on v is a single valued mapping from v to v such that after introducing the c-center c0X=Xn cX for Xev the following condition is satisfied:
(9) N,Bev, N n B = c0N^B^cN implies c0N^c(.N, B}.
Note that by definition cX is always a v-subgroup for Xev.
We are now in a position to state the main theorem.
Theorem. Let a and ß be subgroup theoretical properties on v and R a v-subgroup of G such that (l)-(7) are satisfied. Suppose R[v, a]G and (R, G, G) e ß. Let c be a centralizer function on v and assume that there exist v-subgroups A^N such that A is maximal among the c0v-subgroups and N is maximal among the v-subgroups T with A = c0T and (A, T, G) e a. Then (c0N, cN, G) e ß.
The proof appears in the next section.
2. The abstract situation. We break up the proof of the theorem into several steps. 3. Examples for properties a satisfying (5) and (6) . If v consists of normal subgroups of G only then subgroup theoretical properties a on v with (5) and (6) may be defined as follows:
I. For a group theoretical property e inherited by normal subgroups and direct products and v-subgroups A^B let (A, B, G) e a if and only if A/^4 is an e-group.
Proof. A group isomorphic to an e-group is an e-group. II. For a group theoretical property « that is inherited by subgroups, epimorphic images and direct products, and v-subgroups A^B let (A, B,G)ea if and only if G/&q(B mod A) is an «-group.
Proof. (5) follows from the fact that G/6G(ZymodZ) is isomorphic to a subgroup of the direct product of G/&a(X mod Z) with C7/(SG( Y mod Z). In (6) III. Let a = ax n a2 for subgroup theoretical properties a, and a2 that satisfy (5) and (6) for the same set v. 4 . Examples for properties ß satisfying (7) . If v consists of normal subgroups of G only and if R is a v-subgroup of G, then subgroup theoretical properties ß which satisfy (7) may be defined as follows:
I. For a group theoretical property g that is inherited by normal subgroups and epimorphic images, and v-subgroups A'ç Y let (X, Y, G)e ß if and only if Y/X is a g-group.
Proof. Under the hypothesis of (7) RY/R as a normal subgroup of G/R is a g-group. So C/A is a g-group as an epimorphic image of C/R n C^RC/R.
In many an application g will be the group theoretical property 1 (and R = G).
II. For v-subgroups Ig Y let (X, Y. G) e ß if and only if ¡(GmodR) £ (ia(Ymod X).
Proof. Under the hypothesis of (7) with Z=%(G mod R) we have
henee Zg¡eG(C mod ^) and L4, C, G) g ß.
Note that with this ß always (R, G, G)e ß so that in the Theorem we always get Z£ßG(cAf mod c0N). In this view the following example becomes useful.
III. Let ß=ßx n ß2 for subgroup theoretical properties ßx and ß2 that satisfy (7) for the same set v. 5.2. The theorem requires the existence of maximal c0v-subgroups. Since 1 e v by (1), there always exist c0v-subgroups, e.g. c0l = 1. So if (11) the union of a tower of c0v-subgroups is a c0v-subgroup, then by the Maximum Principle of Set Theory, maximal c0v-subgroups do exist. We shall check the validity of (11) in the following examples for 5.1.
Suppose that v satisfies (1), 5.1(a), and 5.1(b). Proof. We let v be the set of all normal subgroups of G. The group theoretical property e of being abelian is inherited by normal subgroups and direct products. Hence the subgroup theoretical property a derived from e satisfies (5) and (6) (see 3.1). R = G satisfies (8) by definition of "hyperabelian".
ß may be defined as in 4.1 with g= 1 so that (7) Proof as in I where, however, e-groups are abelian of squarefree exponent. Since A is nilpotent this result implies that the fitting subgroup of a solvable group contains its centralizer.
III. Let v be the set of all normal subgroups of the group G, g a group theoretical property that is inherited by normal subgroups and epimorphic images, and a the subgroup theoretical property derived from e = abelian as in I. Suppose that G has a [v, a]-immersed normal subgroup A whose factor group G/R is a g-group. Then for Proof. As for V. Special case of VII below. Remark. In the situation of V and VI, the (characteristic) subgroup A in the main theorem uniquely determines a subgroup A as described in the theorem. In the notation of [5] , A= £G(A). However, the generalizations of V and VI contained in [5] though of a similar formal nature do not fit in our present context and certainly cannot be expected to follow from such a simple observation as Proposition 1 in §2. (2) normal subgroups N2 and Z2 such that (a) every subgroup ofZ2 permutes with every subgroup of N2, (b) // the normal subgroup X of G has the property that every subgroup of X permutes with every subgroup of N2, then X^Z2, (c) Z2 £ N2 and NJZ2 is an e-group, (3) normal subgroups N3 and Z3 depending on the choice of a group 91 of automorphisms of G containing all inner automorphisms such that (a) every %-composition factor in Z3 is centralized by N3, (b) if the normal subgroup X of G has the property that every %-composition factor of G in X centralizes every %-composition factor of G in N3, then A'£Z3, (c) Z3 £ N3 and NJZ3 is an e-group.
We define the [v, a]-8-hypercenter i) [va] .aG of G to be the subgroup generated by all [v, a]-S-immersed v-subgroups (over 1) (see R. Baer [2] ). Assuming 5.1(b) and (14) 
